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Abstract. We show the existence of a global unique and analytic solution for 
the mean curvature flow and the Willmoro flow of entire graphs for Lipschitz 
initial data with small Lipschitz norm. We also show the existence of a global 
unique and analytic solution to the Ricci-DeTurck flow on euclidean space for 
bounded initial metrics which are close to the euclidean metric in L°° and to 
the harmonic map flow for initial maps whose image is contained in a small 
geodesic ball. 



1. Introduction 

In this paper we prove the existence of solutions of geometric flows with non- 
smooth initial data. More precisely, we consider the graphical Willmore and mean 
curvature flow, the Ricci-DeTurck flow on M" and the harmonic map flow for maps 
from M" into a compact target manifold. 

The initial data we are interested in are Lipschitz functions for the mean curva- 
ture and Willmore flow, and L°° metrics (respectively maps) for the Ricci-DeTurck 
and harmonic map flow. Here and in the rest of the paper we say that a func- 
tion / is Lipschitz if it belongs to the homogeneous Lipschitz space C°'^(K") with 
norm 1 1/| |c'''i(R") = ||V/||ioo(R>.). We construct the solutions of the flows via a 
fixed point argument and therefore we require the initial data to be small in the 
corresponding spaces. 

Our method to construct the solutions for these geometric flows relies on a 
technique introduced by the first author and Tataru in |12j . In this paper a fixed 
point argument was used to obtain the existence of a unique global solution of the 
Navier-Stokes equation for any initial data which is divergence free and small in 
BMO~^ (the space of distributions which are the divergence of vector fields with 
BMO components). The key idea was to define a function space on which the 
nonlinearity is contracting and on which the solution of the homogeneous problem 
is estimated by the BM 0~^-norm of the initial data in order to successfully perform 
a fixed-point argument. By localizing their construction the authors were also able 
to show the existence of a unique local solution of the Navier-Stokes equation for 
any initial data which is divergence free and in VMO 

In the case of the harmonic map flow we show how a similar local construction 
can be used to obtain the existence of a local unique solution for initial maps which 
are small L°°-perturbations of uniformly continuous maps. 
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It is likely that related local constructions can be used to obtain unique local 
and analytic solutions of the mean curvature and Willmore flow of entire graphs for 
initial surfaces and even for small Lipschitz perturbations of such surfaces. This 
remark may be of interest for numerical approximations by triangulated surfaces. 

The novelty of this paper consists in the use of scale invariant L°° and Lipschitz 
spaces for the initial data, even for quasilinear equations. This allows a uniform and 
efficient treatment of the four problems and yields new and possibly optimal results 
in terms of the regularity of the initial data and the regularity of the solution. We 
only consider local problems. 

In the following we give a brief outline of the paper. 

In section 2 we recall some basic properties of the heat kernel and the biharmonic 
heat kernel and we study solutions of the homogeneous linear equations with rough 
initial data. 

In section 3 we show the existence of a global unique and analytic solution of the 
Willmore flow of entire graphs for Lipschitz initial data with small Lipschitz norm. 
Moreover we show the existence of global unique and analytic self-similar solutions 
for self-similar Lipschitz initial data having small Lipschitz norm. 

A global unique and analytic solution to the Ricci-DeTurck flow on for L°°- 
initial metrics which are L°° close to the euclidean metric is constructed in section 
4. This yields a slight improvement of a recent existence result of Schniirer, Schulze 
& Simon [Hj. 

In section 5 we show the existence of a global unique and analytic solution 
of the mean curvature flow of entire graphs for Lipschitz initial data with small 
Lipschitz norm. We emphasize that this construction includes the case of higher 
codimensions. 

In section 6 we construct a local unique solution of the harmonic map for every 
initial data which is a L°°-perturbation of a uniformly continous map. As a Corol- 
lary we get the existence of a global solution for the harmonic map flow for every 
initial map whose image is contained in a small geodesic ball. 

Finally, in the appendix, we use the method of the stationary phase to derive 
some standard estimates for the biharmonic heat kernel. 



2. Preliminaries 

In this section we recall some estimates for the heat kernel and the biharmonic 
heat kernel and we prove estimates for solutions of the corresponding homogeneous 
initial value problems with rough initial data. 

2.1. Heat kerneL The heat kernel ^{x,t) = (47rt)~ s-g^Tr is the fundamental 
solution of the heat equation 

(a* - A)$(a;,i) onM"x(0,oo). 

We have the following estimates for the heat kernel and its derivatives. 
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Lemma 2.1. We have for every /c, ^ e No and t > 0, x ^ M" 

(2.1) \dlV''^{x,t)\ < c{ti + |a;|)-"-'=-2' and 

(2.2) ||9^V'=ci>(-,t)|Ui(M„) <ci''-*. 

Moreover, for any {x, t) € R" x (0, 1)\(-Bi(0) x (0, j)) , there exist constants c,ci > 
such that 



(2.3) \'^{x,t)\ + \W<^\{x,t) + |V2$|(a;,t) < ce 



-ci|a;| 



As a consequence of these estimates we get the following result for solutions of 
the homogeneous heat equation. 

Lemma 2.2. Let uq e L°°(M") and let u : W x R-^ ^ R be a solution of the 
homogeneous linear equation 

Ut — Am = 0, u{-,0) — Uq. 

Then we have 

I|m||l~(R"xR+) + SUpt^||Vu(t)||Loo(R„) + sup SVCp R^^\\Vu\\L^Bii{x)xiO,R^)) 
t>0 xGR" _R>0 

(2.4) <c||uo||loo(r„). 

Proof. The estimate (|2.4I) is invariant under translations and the scaling (A > 0) 
ux{x, t) — u{Xx, X^t) and therefore it suffices to show 

|u(0, 1)1 + |Vu(0, 1)1 + ||Vu||l2(b^(o)x(o4)) ^ c||uo||l~(R")- 
Now (12. 2p implies that for i £ {0,1} we have 



sup sup \\7^u{x,t)\ < sup sup I / 

2;eBi(0) i<t<l 2;eBi(0) i<t<l Jr' 

< c||wo||loo(js.„). 



W'<i>{y,t)uo{x -y)dy\ 



In order to estimate the third term we let rj e C^(i32(0)), < r/ < 1, r/ = 1 
in Bi{0) with ||V7?||loo(r„-) < c be a standard cut-oS^ function. Multiplying the 
homogeneous heat equation with ri^u and integrating by parts we get with the help 
of Young's inequality and the pointwise estimate for u 

dt f vM^+ f rf\Vu\^<c( iVT^n^p <c||uo||io„(K„). 

Integrating this estimate from to 1 and using the properties of rj yields the desired 
result. □ 

Remark 2.3. The choice of the -spacetime norm of the gradient is motivated by 
the Carleson measure characterization of BMO{R") (see [221 112j j. Namely, for a 
solution u of dfU — Au — on M" x (0, oo) with u{-, 0) = uq, we have 

||uo||sMO(R") = sup Snp R~^\\Wu\\l2(Bi,(x)x(0.R^)) 
xGR" R>0 

in the sense that the right hand side defines an equivalent norm for BMO(R"') . 
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2.2. Biharmonic heat kernel. The biharmonic heat kernel b{x,t) is the funda- 
mental solution of 

{dt + A'^)b{x, t)=0 on M" X (0, oo) 

and it is given by 

b{x,t) =jr-i(e-lfcl'*) 



where rj = xt « and 



We have the estimate 



g{Tj) = (27r)-t / e'^^-^^^Uk. 



|5(?7)l <if(l + N)-*e-"l''l^ 
with a = 23 Additionally we have for every m e N that 

\^{n)\<Krn{i + \'n\)-^e-\^\\ 

Standard proofs of these estimates are provided in appendix A. In the following 
Lemma we rephrase the above estimates on b and its derivatives in such a way that 
we can directly apply them later on. 

Lemma 2.4. We have for every t> Q and a; e M" that 

(2.5) \b{x,t)\<ct~'iexp(^-J^^ 

Moreover we have for every fc, / e No and t > 0, x € M" 

(2.6) |9^V'=6(a;,i)| < c(t3 + |a;|)-"-fe-4' and 

(2.7) |ia^V'=6(.,t)|Ui(M„) <ci-'-l 

Finally, for all {x,t) e R" x (0, l)\(Bi(0) x (0, \)) and all < j < 4 there exist 
constants c, ci > such that 

(2.8) |V^6(x,i)| < ce-^^il^l. 

Moreover we need the following estimate for solutions of the homogeneous prob- 
lem. 

Lemma 2.5. Let u : M" x Rq — s- M fee a solution of the homogeneous linear equation 
ut + A^u^O, m(-,0) =wo e C°'i(R"). 

Then we have 

||Vw||lc»(r»xR+) +SUpt3||V2M(t)||i«>(R„) 

(2.9) <c||wo||co,i(M")- 



GEOMETRIC FLOWS WITH ROUGH INITIAL DATA 



5 



Proof. Since the estimate ()2.9p is invariant under translations and the scahng 
u\{x,t) — ju{Xx, X'^t) (A > 0), it suffices to show that 

|Vm(0, 1)1 + \V^u{0,l)\ + ||V2M|L„+6(B,(o)x(i,i)) ^ c||wo||co,i(R"). 
Using ([2311 and ([27]) we get for i = 1, 2 

sup sup \y^u{x,t)\ < sup sup I / V^^b{y,t)yuo{x — y)dy\ 
xeBi{o) i<t<i 2;eSi(o) i<t<i Jr" 

< c||uo||co.i(R")- 

This finishes the proof of the Lemma. □ 



3. WiLLMORE FLOW 



For a closed two-dimensional surface S and an immersion / : E ^ M'' the 
Willmore functional is defined by 

(3.1) W{f) = - I H^dfig, 

where g is the induced metric, H ^ ki + K2 is the mean curvature of E and dfig is 
the area element. Critical points of W are called Willmore surfaces and they are 
solutions of the Euler-Lagrange equation 

(3.2) AgH +^H^ -2HK = 0, 

where is the Laplace-Beltrami operator of the induced metric and K = kiK2 is 
the Gauss curvature of S. The Willmore flow is the L^-gradient flow of W and is 
therefore given by the following fourth order quasilinear parabolic equation 

ft^ ^ -AgH - + 2HK on S x [0, T), 

(3.3) /(•,0)=/o, 

where /o : S M'^ is some given immersion and denotes the normal part of ft- In 
the case that E is a sphere Kuwert & Schatzle [T3]-[TS] showed that if W{fo) < 8tt, 
then the Willmore flow exists for all times and subconverges to a smooth Willmore 
sphere. On the other hand Mayer & Simonett ^17j gave a numerical example for a 
singularity formation of the Willmore flow for an initial immersion of a sphere /o 
with W{fo) < Stt + e, where e > is arbitrary (for an analytic proof of this result 
see PP). Moreover, in a recent paper. Chill, Fasangova & Schatzle [3j showed that 
if /o is W^''^ n close to a local minimizer of W (i.e. a minimizer among all 
closed immersions which are close to each other), then the Willmore flow with 
initial data /o exists for all times and converges (after reparametrization) to a 
local minimizer of W . 

In this section we are interested in the Willmore flow for graphs on (so called 
entire graphs). Hence we assume that there exists a function m : — > M such that 
E — graph(M) — {{x, u{x))\x G R^}. Standard calculations then yield 

rj_ ut Vu detV^u 
fr = —, H = div{ , K= J — and 

AgH = - div i^{vl )WH 
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where v = \J\ + jVitp. From the calculations in [1] we get 

KH + _ 2UK = div f i ((/ - ^"^/" )v(z;g) - ii^2v^i)) 
2 Vu t;-^ 2 / 

and therefore the Willmore flow equation (|3.3p can be rewritten as 

(3.4) ut + i-divfi((/- ^'"^,^" )V(7;H)- ^H^V^)) =0 onM^xfo^j^) 

\w V 2 / 

with initial condition m(-,0) = uqi where uq : ^ M is some function. The 
following observation concerning the scaling behavior of a solution of the Willmore 
flow turns out to be very important: If u{x,t) is a solution of (j3.4p with initial 
condition u{-, 0) = uq, then the rcscalcd function 

(3.5) u\{x,t) ~ —u{Xx, X^t) 

A 

is also a solution of (|3.4[) with initial condition u\{-,0) = u^.o = ■x"o('^')- 

Our aim in this section is to show the existence of a global unique and analytic 
solution of p.4p under very weak regularity assumptions on the initial data uq. 
Since the method we use to construct the solution does not depend on the dimension 
we consider in the following solutions of (|3.4|) on R" (n g N). 

The following Theorem is our main result for the Willmore flow of graphs. 

Theorem 3.1. There exists e > such that for every uq G C'^'^(R") satisfying 
\\uo\\c°-^{R") < £ there exists a unique, analytic solution u : M" x (0, oo) ^ M o/ 
the Willmore flow (|3.4p with m(-, 0) = uq. More precisely there exists R > Q, c > 
such that for every A: £ No and multiindex a € Nq we have the estimate 

(3.6) sup sup|(t3V)"(t9t)'=Vu(x,i)| <c||uo||coa(K.)i?l"l+'=(|a|+fc)!. 

kGK" t>0 

Moreover the solution u depends analytically on uq. 

We remark that in the above Theorem the initial value uo is allowed to have 
infinite Willmore energy. Moreover the uniqueness statement has to be understood 
for solutions in the function space Xoo (see Definition p.6p V 

It is an interesting open problem if one can drop the smallness assumption on 
the Lipschitz norm of uq in Theorem 13.11 

In the case of the mean curvature fiow for entire graphs, Ecker & Huisken [71 [S] 
showed the existence of a global solution for initial data which are locally Lipschitz 
continuous. Since the equation (j3.4p is of fourth order it is not clear if one can 
expect a corresponding result in this situation. 

We would like to remark that the Willmore fiow for graphs has previously been 
studied from a numerical point of view by Deckelnick & Dziuk 0). 

In order to show the existence of a solution if the Willmore fiow we need to 
rewrite the equation p.ip . We start by introducing some notation. We use the 
★ notation to denote an arbitrary linear combination of contractions of indices for 
derivatives of u. For example we have Vf^uViuVjU — V^u* Vu* Vu = jVupAw. 
Moreover we use the abstract notation 

Pj ( Vu) = yu v-» • 



■i-timcs 



GEOMETRIC FLOWS WITH ROUGH INITIAL DATA 



With the help of this notation we are now able to rewrite equation p.4p in a 
which is more suitable for our purposes. 



Lemma 3.2. The Willmore flow equation (|3.4p can be written as 
(3.7) ut + A^u = /oM + V./IM + V? /^^'M =: /M, 



where 



fc=i 

4 

/i [u] = V^u ★ V^u ★ ^ ?;"^''F2fc-i (Vw) and 
fc=i 

2 

/2[u] = V2u*^z;-2fep2fc(Vu). 

A:=l 

Proof. We calculate term by term. 

udiv(-V(wi/)) ^A{vH) - —V{vH) 

V V 

^A^u - A( ) VAm + — V 

V V V V 

^A'u + Vln'[u]~I + II. 
Now we can rewrite / as follows; 



For // we argue similarly to get 

-V,(V2,mV2m) + /o[ 



2w4 

Finally we have 



=/oM + v,/fM. 



,ViMV,-it_ , ,,,, _ ,V,-uV,-u_ , ,,,, V,;wV,:mViM. 



=V?.(^^i7) + V,:/JM + /oM, 
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where we argued as above to rewrite the last term in the first line. Altogether this 
finishes the proof of the Lemma. □ 



Next we write equation ()3.7p in integral form 
(3.8) u{x,t) = Suoix,t) + Vf[u]{x,t), 

where 

Suo{x,t)^ b{x - y,t)uo{y)dy and 

Vf[u]{x,t)^j / b{x - y,t - s)f[u]{y,s)dyds. 
Jo Jr" 

The goal for the rest of this section is to construct a solution of the integral equation 
by using a fixed point argument. 



3.1. Model case. Before studying the general equation (|3.7p we study solutions 
of the simplified problem (which might be of independent interest) 

(3.9) ut + A^i = fo[u] + V/iM - /a/M, 

where /o [u] and /i [u] are as in Lemma 13.21 In this case we define for every < 
T < oo two function spaces Xm,t and Ym,t by 

Xm.t = {u\ \\u\\xmt-^ sup \\Vu{t)\\L^(^^s.r^) + sup t^||v2u(i)||ioo(js.„) < CX3} 

0<t<T 0<t<T 

and 

Ym,T — Yo^M,T + VFi,M,T, 

where 

ll/o||yo,M.T = sup i^||/o(OIU~(R") and 

0<t<T 

II/iIIy-i.a/.t = sup t^\\fl{t)\\L^(^s.")- 
0<t<T 

Our main goal in this subsection is to prove the following Theorem. 

Theorem 3.3. Let < T < oo, u £ Xm,t and /m[w] = /o[m] + V/i[u], where fo[u] 
and fi[u] are as in Lemma \3.S[ Then the map Fm '■ C^'^{M") x Xm,t — > Xm,t, 
defined by Fm{uq, u) = Suq + V/mIu] is analytic and we have 

(3.10) ||Fm(uo,«)|U,,,, <c(||^/o||co.mk") + II"IIxm,t)- 

Moreover, there exists Eq > and q < 1 such that for all Uq G C'^'^(K") and all 
ui,U2 e Xl° j, = {li e Xm,t\ \\u\\xm.t < ^o} we have 

(3.11) \\FM{ua,ui) - Fm{uo,U2)\\xm,t < 9| I"i ^ ""2! Ua/.t ■ 

The Theorem will be a consequence of the next two results and Lemma 12.51 

Lemma 3.4. For every < T < 00 the map = /o[-] + V/i[-] : Xm,t Ym,t, 

where /g and fi are as in Lemma \3.2\ is analytic. Moreover we have the estimates 

(3.12) II/a/MIIfm,t <c||^^IIL,., 
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for every u G Xm,t arid 
||/m[ui]-/mM||fm,t 

(3.13) < c(||mi||xm,t: II"2||xm,t)(II"i||xm,t + I|w2|Um,t)I|wi - U2\\xm.t 

for all ui,U2 e Xm,t- 

Proof. This follows directly from the definition of the function spaces Xm,t and 
^M.T and the explicit expressions for /o [u] and /i [u] once one notices that for every 



where Vj ^ y/l + |Vuj|2, j £ {1, 2}. □ 

Lemma 3.5. Let < T < oo and let fo + V/i = /m G Fm,t- Then Vfu G -'«^m,t 
and we have the estimate 

(3.14) ll^/A/lk.,,, <c||/A/||y,,,,. 

Proof. Since the estimate p.l4p is invariant under translations and the scaling 
defined in (13.51) it suffices to show that 



|vy/M(o,i)| + |v2y/M(o,i)| < cH/mIIym,, 

for r > 1. Using the definition of the operator V and Lemma ^TM we estimate 
|VT//m(0,1)| <c / / (|V5(-y,l-s)||/o(y,s)| 



+ \VH{-y,l-s)\f^{y,s)\)dvds 
<c||/o||yo,M,T ^ ((1 - s)3 + |y|)~"~'dyds 

+ c\\fi\\Y,,,,,r f [ J-i[{l~s)i + \y\^ \yd. 



c 



<c\\fM\\YM.T- 

Arguing similarly for |V^y/M(0, 1)| we get 

|V2y/M(0,l)| <c / ({l-s)i + \y\y"'^\fo{y,s)\dyds 

'0 JR" ^ ^ 

((l-s)3 + |2;|)"""Vi(2/,s)Myds. 
Estimating the integrals as above we get the desired bound for |V^F/m(0, 1)|. □ 

3.2. General case. For the general case of a solution of (|3.7p we have to include 
the term V^/2['u] into our analysis. In order to do this we need to modify our 
function spaces while we still want them to be invariant under the scaling defined 
in (IX5D. 
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Definition 3.6. For every < T < oo we define the function spaces Xt and Yt 
by 

Xt={u\ sup ||Vu(t)||i^(K..) + sup sup ^^I|V^U|| „+6, , . ,^ 4^^ 
0<t<T a;eK" 0<i?.*<T i.OR(x)X{ ^ ,n )j 

< oo} and 

where 

ll/o||io,T= sup sup i?^||/o|| „4 , 

xeR"0<m<T ^ {BR(x)x( — ,Ri}) 

ll/illvi.T = sup sup li+s 4 and 

II/2II12.T = sup sup ^^ll/2|li„ + 6(B„f^wfiil i?4)V 

As in the previous subsection our goal is to prove the foUowing Theorem. 

Theorem 3.7. Let < T < 00, u e Xt and let f[u\ = fo[u] + V/i[u] + V'^f2[u], 
where fa[u], fi[u] and /2[u] are as in Lemma \3.'A Then the map F : C'^'"'^(M") x 
Xt ~> Xt, defined by F{uq, u) — Suq + Vf[u\ is analytic and we have 

(3-15) \\F{uq,u)\\xt < c(||uo||co-i(R") + 

Moreover, there exists Eq > and q < 1 such that for all uq G C°'"'^(IR") and all 
ui,U2 G X^ = {u e Xt\ ||w||xt < £0} we have 

(3.16) \\F{uo,Ui) - F{uq,U2)\\xt < q\\ui - U2\\xt- 



The Theorem will be a consequence of the following two results and Lemma [2?5] 

Lemma 3.8. For every < T < 00 the operator /[•] = (/o + V/i + V^f2)[-] ■ 
Xt Yt, where fo, fi and f2 are as in Lemma \3.'A is analytic and we have the 
estimates 

(3.17) \\fM\Yr<c\\u\\],^ 
for all u € Xt and 

(3.18) ||/[ui]-/[u2]||Yr < c(||ui||jfj,, ||u2|Ut)(II"i|Ut + l|w2|Ur)l|wi - '"2|Ur 

for all ui, U2 G Xt- 



Proof. The proof is the same as the one for Lemma 13.41 □ 

Lemma 3.9. Let Q < T < 00 and fo + V/i + V2/2 ^ f eYt- Then Vf e Xt and 
we have 

(3.19) ll^/IU. <c||/||y,. 

Proof. Since the estimate (13. 19^ is invariant under translations and the scaling 
defined in p.Sp it is enough to show that 

\VfiO, 1)1 + ||W/|L„+e(B,(o)x(i,l)) < 

for some T > 1. 
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By definition we have 

Vy/(0, 1) = / / V6(2:, 1 - t)f{x, t)dxdt 
Jo Jb." 

and, with Q ~ Si(0) x [i, 1) and Q' = -Bi(O) x (0, i), we decompose 
|VF/(0,1)|< 1 \/b{x,l-t)f{x,t)dxdt + I \/b{x,l~t)f{x,t)dxdt 

JQ JR"x(0,l)\Q 
=/ + //. 

Now we estimate term by term. We start with /. 



/ < 



(V6(x, 1 - t)faix, t) - V%{x, 1 - t)h{x, t) + V%{x, 1 - t)h{x, t)) 



dxdt 



<\\Wh\\ „+6 ll/oll -+6 ,.+e ll/ill „ + 6 



<c||/lk, 
where we used the fact that 

||V6|| „ + 6 +||V26|| „ + 6 . + 6 <c, 

Li+3(K"x[0,l]) L" + *(E"x[0,l]) L"+5(R"x[0,l]) 



which is a consequence of the estimate 

Integrating by parts and using (|2.8p we get 



^^^^EE/ / e-^^N(|/o| + |/i| + |/2|)(x,t)dxdt 

m=0yGZ"-^2 — 1,751 (y) 

oo „ 

<c5] sup / ^\f^\ + \f^\ + \f^\)dxdt. 



Now we claim that there exists a number 7 < 1 such that 

(3.20) / {\fo\ + \.h\ + \f2\Kx,t)dxdt<n"'\\f\\y,. 

JBi(0)x(2-™-i,2-™) 

Using the translation invariance this claim then implies that 

II<c\\f\\Y^, 

which, combined with the above estimate, shows that 

|Vy/(0,l)| <c||/||y, 

and finishes the proof of the first part of the estimate (|3.19p . 

To prove ((X^ we cover the set Bi(0) x (2-"-i,2-") by approximately 2"^ 
cylinders of the form Qm{y) ■= B^-!!k[y) x (2^™^-'^, 2^"'). By Holder's inequality 
we get 

2 , 

6rri-m(,i + 4)(,i + 3) 4„i - (,^ + 4)^ 2,ri ~ ,ri (,i + 4) (,i + 5) 

E \\fj\\LH.Q^{y)) <c(2 + 2 ^("+«) + 2 H^^T^^ 

<c2-x-^||/||^^, 
which implies (|3.20p with 7 = 2^3. 
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Using similar arguments we can estimate 

sup |VV(/o + V/i)(a;,i)| 
{x,t)eQ 

= sup I / / W^b{x-y,t- s){fo{y,s) + Wfi{y,s))dyds\ 

(x,t)eQ Jo JR" 
<4f\\Yr, 

which reduces the estimate for the second derivative of Vf to the bound 

(3.21) 11/ / '^'b{x-y,t-s)V'f2{y,s)dydsh^+e^Q)<c\\f\\Y^. 

Jo Jr" 

From (|2.8[) we get the pointwise bound 



sup 

{x,t)eQ 



[ V%{x-y,t^s)V^f2{y,s)dyds 

jR"x(0a)\B2(0)x(i4) 



< c||/2|ll2,T- 



Therefore it suffices to show (I3.2ip for functions /2 whose support is contained in 
-62(0) X (|, 1). But this estimate follows immediately from the fact that 

(3-22) l|V^u||i-.+6(K,xxR+) < c||/2||i..+6(K»ixR+) 

for all solutions u of 

(3.23) wt + A^u^ V^^/2^ u(-,0) = 0. 

The estimate p.22p can be seen as follows: Multiplying the equation (|3.23p by 
u and integrating by parts, we get with the help of Holder's inequality 

II^"IIl2(R'«xR+) ^ c||/2||l2(r,.xR+)I|V^u||l2(R"xR+)- 

Integrating by parts again and interchanging derivatives yields 

l|V^M||L2(ur.xR+) < c||/2||l2(r„xR+)- 

Hence the operator which maps f2 to d^iU is a continuous and linear operator Tijki 
from to , which has an integral kernel given by 9^-^.^ b. We equip M" x R with 
the metric 

d{{x, t), {y, s)) = max{|x -y\,\t- s^/^}. 

and we let mP'^^ be the Lebesgue measure. The triple (M" x M, d, m^'^^) is a space 
of homogeneous type and Tijki is a singular integral operator in this non Euclidean 
setting. As a consequence of this we get for every 1 < p < 00 that (see for example 

m) 

l|T'y7ci/||LP(R"xR+) < C— — y 1 1/| |ip(R„ xR+) 

and this shows (|3.22|) by choosing p — n + Q. Altogether this completes the proof 
of the Lemma. □ 



GEOMETRIC FLOWS WITH ROUGH INITIAL DATA 



13 



3.3. Proof of Theorem [mi 

Proof. For every < T < oo and uq e C"'^(R") we define the operator Fug : Xt 
Xt by 

(3.24) Fu,{u) = F{uo,u) = Suo + Vf[u], 

where f[u] = /o[u] + V/i[u] + V^/2[u] and fo[u], fi[u] and f2[u] are as in Lemma 
13.21 From Theorem l3.7l and the Banach fixed point theorem we get that there exist 
61,62 > such that for aU uq e C°'"^(M") with ||mo||c".i(R") ^ '^1 -^""o 
a unique fixed point u G X^ (Xj? is defined in Theorem 13. 7p . Moreover u depends 
on 1*0 in a Lipschitz continous way. Thus u is the unique global solution of the 
Willmore flow p.4p we were looking for. 

Next we show that u depends analytically on uq. From Theorem 13. 71 we get that 
for every < T < 00 the map G : C°'i(R") x Xt ~* Xt, defined by 

G{uq, u) — u — Suq — Vf[u] = u — F{uo, u), 

is analytic, G{Q, 0) = and 

DuG{0,0) = id. 

Combining all these facts we can apply the (analytic) implicit function theorem (see 
for example [5]) to get the existence of balls B^{0) C C'°'i(M"), B^{0) C Xt and 
a unique analytic map A : 5^(0) C C°'i(R") ^^,(0) C Xt such that ^(0) ^ 
and G{uo, A{uo)) = for all uq S -Be(O). Moreover G(mo,ui) = if and only if 
ui = A{uo). From the above considerations we conclude that for 6 — min{(52,7} 
there exists a unique solution u € X^ of p.4p which depends analytically on the 
initial data uq. 

It remains to prove that u{x,t) is analytic in x and t for every x G M" and 
< f < 00. In order to see this we let T < 00 and we define for ei, £2 > small an 
operator G : D^^{0) x (1 - £2, 1 + £2) x C°'^(R") x ^ Xt, where ^'^^(O) C M", 

by 

(3.25) G{a,T,uo,u) = 7/ - ^Uo - ^^/a,rM, 
where 

/a,rM = t/[u] + (1 - t)A^U - flVw. 

Note that /o,i[u] = /[i*]- By using Lemma [2.41 it is easy to see that ||yaVu||xT ^ 
c|a|r3||u||jf^. Moreover, by defining f[u] = t/[w] + A((l — t)Au), we get that 
Theorem 13.71 remains valid for f[u\ and we have the estimate 

\\Gia,T,uo,u)\\x^ < c(||uo||c«-i(K") + IMx^i^ + \a\T^ + |1 - ^1 + 

Since G{0, 1, 0, 0) = and DuG{0, 1, 0, 0) = id, another application of the implicit 
function theorem gives the existence and uniqueness of an analytic map A : Dg(0) x 
(1 — e, 1 + e) X -85(0) — > Xt such that G{a, t, uq, A{a, t, uq)) = and therefore 

A{a, T,uo) = Suq + Vf[A{a, r, uq)] . 

Next we let e < min{e, e} and we observe from the above uniqueness results 
that A{uo){x — at,Tt) — A{a,T,uo) since A{uo){-,0) = uq — A{a,T,uo){-,0) and 
G(a, T, Uq, A{uo){x ~ at, rt)) — 0. 
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Hence we get that A{uq){x ~ at,Tt) depends analytically on a and r. Since for 
finite t we moreover have that 
d 

— A{uo){x - at,Tt)\(^a.T)={o.i) = - t\/A{uo){x,t), 
oa 

d 

—A{uo){x - at, Tt)\^a,r)={0A) ^tdtA{uo){x, t), 

with similar formulas for higher and mixed derivatives, we conclude that A(uo) and 
therefore also u is analytic in space and time for all x S M" and all < i < oo. The 
estimate p.6p now follows fi'om a scaling argument and the above formula for the 
derivatives of u. □ 

3.4. Self-similar solutions. In this subsection we use Theorem 13.11 to show the 
existence of self-similar solutions of the Willmore flow for graphs. More precisely 
we show the existence of homothetically expanding solutions. In order to do this 
we consider self-similar initial data uq, i.e. uq which satisfy 

(3.26) uo{x) = \uo{\x) for any A > and x G R". 

A 

Hence — gr8'Ph(uo) is a cone with vertex 0. If we assume that ||uo||(70,i(rti) < e, 
where e is as in Theorem 13. 1[ we get from Theorem 13.11 the existence of a unique 
analytic solution u S Xoc of (|3.4p with initial condition u{-,0) = uq. Next, if 
we define uq,\{x) — jUo{Xx), we get that ||mo,a||cO'1(K") = ll^'o||c"'i(R") < ^ ^^'^ 
hence u\{x,t) — ju{Xx, X'^t) is the unique analytic solution of p.4p in Xryo with 
'^a('iO) = ■'^o,A- Since by p.26p we have that uq = Uq \ we get that for any self- 
similar initial data Uq with ||uo||co.i(M'>) < £ there exists a unique analytic solution 
of (|3.4p which satisfies 

(3.27) u{x,t) = \u{Xx,XH) 

A 

for any x e K", t > and A > 0. Defining A = and ^'(y) = u{y, 1) (note that 
^I* is analytic) we get that 

(3.28) u{x,t) =ti^i{xt~i). 
Moreover satisfies the elliptic equation 

(3.29) A2* + i^-- I • V* = /[*], 

where / is as in LemmalHSl Combining all these facts we get the following Theorem. 

Theorem 3.10. There exists e > such that if G C°'^(M") is self-similar with 
I I'^^ol lcO'i(R") < then there exists a global unique, analytic and self-similar solution 
u G of the Willmore flow (|3.4p which satisfies the estimate (j3.6p . Moreover u 
can he written in the form (I3.28p . where ^ is an analytic solution of (j3.29p . 

4. Ricci-DeTurck flow 

On a manifold with a family of Riemannian metrics g{t) the Ricci flow is 
given by 

dtg = - 2Ric(g) in A/" x (0, T) and 
(4.1) 5(-,0)=go, 
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where Ric(g) denotes the Ricci curvature of g and ga is some metric on Af". In 
this section we are interested in a closely related flow, the so called Ricci-DeTurck 
flow for a family of Riemannian metrics g{t) on R". This flow is given by (see for 
example 0) 

dtg = - 2Ric(g) - Ps{g) in K" x (0, T) and 

(4.2) 5(-,0)=go, 

where 5 is the euclidean metric and 

P,{g) = -2dld,{G{g,5)), 

where G{g,5) =6 — ^g, dg : h ^ dgh ~ —g^^Vihjkdx^ {dg maps symmetric 
covariant two-tensors onto one-forms) and d* : w ^ d*w = \{yiUjj+\7jUJi)dx^®dx^ 
{d* is the adjoint operator of dg with respect to the inner product and therefore 
it maps one- forms onto symmetric covariant two-tensors). 

The Ricci-DeTurck flow was introduced by DeTurck [B] in order to give a short 
proof for the short-time existence of the Ricci flow on compact manifolds. DeTurck 
achieved this goal by showing that the flows are equivalent (see also [TH]) and that 
(|4.2p is a strictly parabolic system for which the general short-time existence theory 
can be applied. 

In local coordinates the Ricci-DeTurck flow (|4.2p can be written as (see 

dtgij =g°^'"^a'^bgij + ]^g°'^g^'^{^igpay ^gqb + "iV ag^p^ qgib - 2\/ag3p^bgiq 

(4.3) - 2V jgpaVbgiq - ^Vigpa^bgj,^ , 

where all the derivatives are taken with respect to the euclidean background metric. 
We can rewrite this system as follows 

{dt - A)h,, ^Va{h''''Vbh^J) - Vah'^^Vbhr, + ^((5 + hY\5 + h)P^(v,hpaVjhgb 
+ 2'VahjpVqhib — 2VahjpVbhiq — 2V jhpaV bhiq — 2V ihpaVbhj^ 

(4.4) =Ro[h] + VRi[hl 
where h = g ~ S, 

Mh] ^^{S + hY\5 + hY'ii^^hpa'^jhqb + 2\7 ahjp\I qh,b - 2\I ahjp"^ bhiq 
- 2VjhpaVbhiq - 2V ihpaVbhj^ ~ V ah'^'^V bhij and 



We note that the Ricci-DeTurck flow is invariant under the scaling (A > 0) 
(4.5) hxix,t) ^ hiXx.^X^t). 
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For all < T < oo we define the function spaces 

XT^{h\ \\h\\x = sup ||;i(i)|Uoo(R„) 

0<t<T 

+ sup sup (i?"t||V/l||i2(B^(^)x(0,i?2)) +i?^||V/l|| . + 4 , , ,Hi ^2,J 

<oo} and 
where 

II/IIk? = sup sup (i?-"|l/llLi(B«(-)x(0,i?^)) +^^I1/IL^,5 , .^.H^ ) , 

Note that these spaces are both invariant under the scaling defined in (|4.5p . 

Remark 4.1. We may replace the left hand side of ()2.4p by the Xt norm: By 
the translation and scaling invariance it suffices to show that the L"^*-norm of the 
gradient in the cylinder i?i(0) x (^,1) can be controlled in terms of the right hand 
side. 

By Holder's inequality we may control the L'^^'^-norm by the L°° -norm and the 
L^-norm and therefore also by | |mo| lioof^n) . 

From the definition of the spaces Xt, Yt and the expressions for Ro[h], Ri[h] 
we directly get the following Lemma. 

Lemma 4.2. For every < T < oo and every < 7 < 1 the operator Ro[-] + 
Vi?i[-] : X^ — {h Xt\ II^IIxt 1£ 1} ^ Yt is analytic and we have the estimate 

(4.6) ||i?o[/l] + Vi?i[/l]||y, <c||/i||^^ 
for all h e X^ and 

\\Ro[hi] - i?oN + V(i?i[/ii] - Ri[h2])\\Y^ 

(4.7) < c(7)(||/ii||xt + \\h2\\xT)\\hi ~ h2\\xT 
for all ft-i, G ^T- 

Moreover we have 

Lemma 4.3. Let < T < 00 and R = Rq + Vi?i G Yt- Then every solution h of 
{dt — A)/i — R with h{-, 0) ~ ho Cz L°°(W^) is in Xt and we have the estimate 

(4.8) <c(||/io||L-(R..) + ||i?||yJ. 

Proof. First of all we note that by Lemma 12.21 and Remark 14.11 we can assume 
without loss of generality that Hq = 0. Next we note that the estimate ()4.8p is 
invariant under translations and the scaling defined in (j4.5p . Hence it suffices to 
show that 

1^(0, 1)1 + ||V/l||i2(Bi(o)x(0,l)) + l|V/l|L"+4(Bi(0)x(i,l)) ^ c\\R\\yt, 

for some T > 1. 
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The estimate for the L°°-norm of h foUows from arguments similar to the ones 
used in the proof of Lemma 13.91 More precisely, we decompose 



1^(0, 1)1 <| / ^x,l-t)R{x,t)dxdt\ + \ / <i>{x,l-t)R{x,t)dxdt\ 

<I + II, 

where we let again Q = Bi{0) x [i, 1) and Q' Bi{0) x (0, i). 
Now we estimate / by 

/<||$|| „ + 4 ||i?o|| „ + 4, +||V$|| . + 4 ||i?l||i„ + 4(Q) < c||i?||F^, 

where we used that 

ll^-ll r.+4 +||V$|| ,> + 4 < C, 

+ 2 (R"x[0,l]) L" + 3 (R"x[0,l]) 



which is a consequence of p.ip . 

Integration by parts and p.3p yield 

<c||i?||y,. 

Combining the above estimates we conclude 

1/^(0,1)1 <c||i?||y,. 

In order to estimate the i^-norm of V/i we multiply the equation {df — A)/i 
i?o + Vi?i with ri^h, where rj is defined as in the proof of Lemma [2T2l integrate by 
parts and use Young's inequality to get 

dt [ v'\h\^+f rfW<c[ {\h\' + \h\\Ro\ + m^). 

JR^ JR" "'52(0) 

Integrating in time and using the pointwise estimate for h yields 

I|V/i||l2(Si(0)x(04)) < c\\R\\yt- 

Hence it remains to estimate the iy"+^-norm of V/i on Q. By using similar 
arguments as in the estimate for the i°°-norm of h we get 

rt 



sup I /" [ V<^ix-y,t- s)Ro{y,s)dyds\<c\\R\\YT■ 
x,t)eQ Jo JR" 

Vh{x,t)^J^ J V<t>{x - y,t - s)(^Ro{y,s) +VRi{y,s)yyds 
i remains to show that 

^ V<S>{x-y,t-s)VRi{y,s)dyds\\L^+^Q)<c\\R\\YT. 
From p.3|) we conclude that 

sup 1/ W<^{x~y,t-s)WRi{y,s)dyds\<c\\R\\Y^ 

ix,t)eQ JR"x(04)\-B2(0)x(i,l) 



(x,t)eQ 

Since 



we see that it remains to show that 
(4.9) II 
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and hence we can assume that the support of Ri is contained in -62(0) x (i, 1). In 
this situation we can use an argument involving singular integrals as in the proof 
of Lemma 13.91 to finish the proof of (14. 9p □ 

Since we know that the linearization of the operator 

dt + 2mc{-) + Psi-) 

a.t g = S is dt — A (see e.g. [^) we can argue as in the proof of Theorem [5TT] to get 
the following result 

Theorem 4.4. There exists e > such that for every metric go G L°°(R") satisfy- 
^'"^9 I|5'o^<^||l«=(ri) < £ there exists a global unique and analytic solution g G 5 + Xryo 
of the Ricci-DeTurck flow (|4.2[) with g{-,0) = go. More precisely there exists R > 0, 
c > such that for every fc € Nq and every multiindex a € Nq we have the estimate 

(4.10) sup sn-p\{t--Vr{tdtf{g - 5){x.t)\ < c\\go - 5| U=.(K.)i?l"l+'=(|a| + k)\. 

kSR" t>0 

Moreover the solution g depends analytically on go- 

This result improves Theorem 1.2 of |18| since the solution we construct is unique 
in Xoo , analytic in x and t and the initial metric go is only assumed to be in L°° (M"). 
We like to remark that on general complete manifolds local solutions of (|4.2p have 
been constructed by Simon [20] for initial metrics 50 € C**^ which are close to a 
smooth metric with bounded sectional curvature (see also [21j). 

The relation between the solution of (|4.2[) constructed in Theorem 14.41 and a 
solution of the Ricci flow is illustrated in the following remark. 

Remark 4.5. Let go be a smooth initial metric satisfying ||(?o~<^||l°=(R") < £ o,nd let 
g € 5-\-Xoo be the analytic solution of (|4.2p constructed in Theorem \4-.4\ It shown 
in |18j that there exists a smooth family of difjeomorphisms ip : R" x [0,oo) — ^ R." 
with y(-,0) = id such that the family of metrics g{x,t) — {ip{x,t))* g{x,t) is a 
solution of the Ricci flow (j4.1[) with initial data go ■ 

5. Mean curvature flow 

Let M" be a n-dimensional orientable manifold and let Fo : M ^ j^n+m ^ p^-j 
be an immersion. We say that the family of immersions F : M x [0, T) — > R""^™ 
solves the mean curvature flow with initial condition Fq if 

dtF =H on M X (0,T) and 

(5.1) F(.,0)=Fo, 

where ll{x,t) is the mean curvature vector of Mt = F{M,t) at F{x,t). Here we 
are interested in the case M = R" and where Fo{x) = {x, fo{x)), fo : R" R™, is 
the graph of fo (entire graph). More precisely we consider fo G C°'^(R",R™) and 
we assume that the Lipschitz norm of fo is " small" . Then we construct solutions 
/ : R" X [0, 00) R™ of the parabolic system 

ox^ox^ 

(5.2) /(•,0)=/o, 



where = S,j + (g^r, 
For m = 1 we calculate 
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9^' = S^. 



VJVJ 



and therefore we have 



dtf = v/1 + |V/P div 



1 + lv/p 

V/ 



and hence we recover the well-known equation for the mean curvature flow for 
graphs in codimension one. 

Concerning the relation between solutions of the equations (|5.ip and (|5.2p it was 
shown in [53] that for every graphical solution F of (|5.ip there exists a family of 
diffeomorphisms r : R" x [0, oo) R" such that F{x, t) — F{r{x, t), t) is a graphical 
solution of 115.21) and vice versa. 



Next we note that (|5.2p can equivalently be written as 

(5.3) /(•,0)=/o 

and this system is invariant under the scaling (A > 0) 

(5.4) Mx,t) = jfiXx,Xh). 
For every < T < oo we define the function spaces 

Xt^UI WfWxr = sup ||V/(t)|U»(K„) 
0<t<T 



sup sup i?..+4||V /||^,.+^ ^ <oo} and 



= {g\ \\9\\yt = sup sup i?"+*||g||^„+4fB„fx)x(-e^ B^)) < ^^J'- 

As in Remark 14.11 we observe that we may replace the left hand side of 
with u = V/ by the Xt norm. 

Now we are in a position to formulate our main Theorem of this subsection. 

Theorem 5.1. There exists e > such that for every map fo : R" M'" satisfying 
||/o||c'''i(R'»,M™) < £ there exists a global unique and analytic solution f G Xoo of 
(|5.2p with f{-,0) — fo- More precisely, there exists R > 0, c > such that for every 
fc G No and every multiindex a G Nq we have the estimate 

(5.5) sup sup|(i^V)"(i9t)'V/(a;,i)| <c||/o||co,i(R-..R-,.)i?l"l+'=(|a|+fc)!. 

Moreover the solution f depends analytically on /q. 

In the case m — 1 Ecker & Huisken [71 [S] showed the existence of a global 
solution of the mean curvature flow of entire graphs for any initial data which is 
locally Lipschitz. 

We remark that for m > 1, one needs at least a certain "smallness" condition for 
the Lipschitz norm of the initial data in view of an example (due to Lawson & 
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Osserman ^16j ) of a minimal graph f : M"* — > M*" which is Lipschitz continuous but 
not C\ 

For compact manifolds and Lipschitz initial data /o with locally small Lipschitz 
norm, Wang [26^ showed the existence of a local smooth solution of the mean 
curvature flow. Moreover, for M = Ei x Ei, where Ei and E2 are compact manifolds 
of constant curvature, and initial maps /o : Ei — s- E2 which are Lipschitz with small 
Lipschitz norm, the mean curvature flow has been studied by Wang |24j (see also 

In the special case m — n and /o — Vuo £ C°'^ for some uq : R" — > R (so called 
Lagrangian graphs) satisfying —(1 — 6)id < V^mq < (1 — S)id, where < 6 < 1 
is arbitrary, a global smooth solution of the Lagrangian mean curvature flow for 
entire graphs has recently been constructed by Chau, Chen & He |2- 

In order to prove Theorem 15. II we start with the following Lemma. 

Lemma 5.2. For every < T < 00 and every 7 < 1 the operator M[-] : — 
{/ e < 7} ^ is analytic and we have the estimates 

(5.6) \mf]\\y^<c\\f\\x. 
for all f € and 

(5.7) ||Af[/i] - M[M\y^ < c(7)(||/i||x, + ||/2||x.)||/i - Mix. 
for all /i,/2 € X^. 

Proof. This is a consequence of the facts that for every / G X^ we have 

\\g'' - <5^^'||l=^(E") < c(||V/|U.o(R„))||V/|U.e(R„) 

and 

Wg'f - 5?IIl~(K") < c(||V/i|U»(K„), ||V/2|U~(K.))||V(/i - /2)|U~(E.), 

where5, =(5+(V/,,V/i),/e{l,2}. □ 
Next we have 

Lemma 5.3. Let < T < 00, fo e C"^HM",M™) and M e Yt- Then every 
solution f of {dt — A)/ — M with /(•, 0) = /o is in Xt and we have 

(5.8) ll/IU. <c(||/o||co.MK" ,«'") + I I^^IIi-t)- 

Proof. First of all we observe that by Lemma 12.21 and the above remark we can 
assume without loss of generality that /o = 0. From the translation and scaling 
invariance it follows that we only have to show that for some T > 1 we have 

|V/(0,1)| + ||V2/IL.+4(s,(0)x(i,l)) < 

The proof of this estimate follows from arguments similar to the ones used in the 
proof of Lemma 13.91 Namely, we decompose 

|V/(0,1)|<|/ W<S>{x,l-t)M{x,t)dxdt\ + \ W<S>{x,l~t)M{x,t)dxdt\ 

Jq "'R"x(0,1)\Q 

=/ + // 
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where again Q — i?i(0) x 1), and we estimate (||V$|| ri+4 < c) 

^ ^ ^2' "l^(R"x(0,1)) ~ 

/<c||V$|| „+4 ||M||i„+4(Q) < c||M||iv. 
Moreover, we use (|2.3p to get 

J/<csup V / / |M(a;,i)|da;dt. 

Next we claim that there exists < 7 < 1 such that 

/ \M{x,t)\dxdt<cj"'\\M\\YT 

which then finishes the proof of the L°°-estimate. In order to proof this claim we 
cover Bi{0) x (2^™^^, 2^™) by approximately 2^ cylinders of the form Qm{y) '■— 
B rn [y) X (2^™^^, 2^™) and we use Holder's inequality to estimate 



\\M\\L^[Q^{y)) < c2""""("t')*"^"||M||y, < c2"'^||M||y, 



and hence this proves the claim with "/ — 

In order to finish the proof of the Lemma it remains to show that 

(5.9) 11^ J^^WH{x~y,t~s)M{y,s)dyds\\L.+.^Q-,<c\\M\\Y^. 

By using similar arguments as above we get 

sup 1/ VHix-y,t^s)Miy,s)dyds\<c\\M\\Y^ 

ix,t)eQ JR"x(0,l)\-B2(0)x(i,l) 

and therefore we can assume that the support of M is contained in i?2(0) x (i, 1). 
In this situation we can use an argument involving singular integrals as in the proof 
of Lemma 13.91 to finish the proof of (|5.9p . □ 



Theorem 15. II now follows from an application of the Banach fixed point theorem 
and the implicit function theorem as in the proof of Theorem 13.11 

Arguing as in the case of the Willmore flow we get an existence result for self- 
similar solutions of the mean curvature flow for entire graphs in higher codimen- 
sions. 

Corollary 5.4. There exists e > such that if fo e C°'-^(M",M™) is self-similar 
(i.e. foix) = jfoiXx) for every x G R", X > 0) with | |/o| |co.i(K",R"') < ^' ^^^"^ 
there exists a unique, analytic, self-similar solution f G X^o of the mean curvature 
flow (15. 2p which satisfies the estimate (jS.Sp . Moreover f can he written as f{x,t) — 
where ^ is an analytic solution of the elliptic system 

where h^j = Sij + (V,;^, V^^). 
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6. Harmonic map flow 

In this section we study the harmonic map flow for maps from the euchdean 
space into a smooth and compact Riemannian manifold N, which we assume to 
be isometrically embedded into some euchdean space R' . For simphcity we assume 
first that N is the round sphere S*'"^ C M} and later on we show how to extend 
the results to the general case. A map u : x [0,T) S''^^ is a solution of the 
harmonic map flow with initial condition uq : K." 5*'^^ if 

{dt - A)u ^ u\Vu\^ in M"x(0,r) and 

(6.1) u{-,0)=uo. 

Our main goal in this subsection is to prove a local existence result for solutions of 
(|6.ip in the case where uq is a small L°°-perturbation of an uniformly continuous 
map. 

We note that the harmonic map flow is invariant under the scaling (A > 0) 

(6.2) ux{x,t) =u{Xx,X'^t) 
and we define for every < T < oo the function spaces 

Xt^{u\ \\u\\x^ sup (llu(i)llioo(K.) +<^||Vu(0||loo(r„)) 

0<t<T 

+ sup sup ||Vu||i2(B„(^)x(o,_R2)) < oo} and 

xeR" 0<fl2<T 

Yr^ifl ll/lk = sup t||/(t)|U~(K.) 

0<t<T 

+ sup sup i?""||/||ii(s^(^)x(o,fl2)) < c»}. 
xeS." 0<R?<T 

Similar function spaces have been used in [12] to construct a solution to the Navier- 
Stokes equation. 

Now we can formulate our main Theorem of this subsection. 

Theorem 6.1. There exists eo = £o{n) > such that for every uniformly continu- 
ous map w : R" — > S'^~^ and every map uq : R" S'^~^ satisfying | |uo — |l°°(R") < 
eq there exists S = S{eo,w) > and an unique and analytic solution u d (ps + Xg2 
of (mH). Here ips = $(• - y, S'^)w{y)dy. 

As a corollary of this Theorem and its proof we get 

Corollary 6.2. There exists Eq > such that for all uq '■ R" 5'^^ satisfying 
\Wo ~ ^IIl°^(R'») < ^0; where P G S^^^ is some arbitrary point, there exists a global 
unique and analytic solution u € P + X^o of (|6.ip . 

We remark that the harmonic map fiow for smooth initial maps whose image 
lies in a geodesic ball has previously been studied by Jost [11] . 

In the following we let w : R" —> 5'^^ be a fixed uniformly continuous map and 
we let (f : R" x [0, oo) R' be the unique solution of 

{dt~A)(p = inR"x(0,oo) and 

(6.3) ^(-,0)=^. 
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Since w is uniformly continuous we know that for every e > there exists S > 
such that for every x S M" we have oscbs{x)W < e and therefore we get for all 

x,ye R" 

(6.4) m^)_^y)|<e(i + ^^). 
Now we have the following Lemma. 

Lemma 6.3. Let w and ip be as above. Then we have 

(6.5) ||'^<5|U~(R'«) <c and 

(6.6) - w||i^(R„) +(5||Vcp5||l~(R") + 5^||VV5||l-(R'«) <ce, 
where ipg — (p{-, 6'^). 

Proof. (|6.5p follows from Lemma [521 For the second term in (|6.6p we note that for 
every x G M" we have 

|V^5(x)|=| / S/<i>{x~y,S^){w{y)-w{x))dy\ 



<ce5'- £^e-^(l + ^)dy 

where we used (|6.4p in the first estimate. The first and third term in (j6.6p are 
estimated similarly. □ 

Next we assume that u is a solution of (|6.ip and we let v{x, t) = u{x, t) — ips{x). 
From this definition it follows that w is a solution of the system 

{dt - A)v =i>| Vwp + 2v(Vv, Vifis) + (^sl Vwp + v\\7ips\'^ 

(6.7) w(-, 0) = Wo =ito - <^5- 

By (|6.6p we get 

||wo||l==(R") < IImo - w||loo(r„) + ce 

and hence we see that Theorem 16.11 will be a consequence of the next Proposition 
if we choose e small enough. 

Proposition 6.4. There exists eo = £Q{n) > such that for all vq : M" M' 
satisfying ||i'o||l°°(R") < £o i/iere exists 5 = S{eo,'w) > and a unique and analytic 
solution V £ Xs2 of ()6.7p . 



In order to prove this Proposition we need the following two Lemmas. 

Lemma 6.5. Let ipg = Jj^^ $(• — y, S'^)w{y)dy and let v G Xs2. Then we have that 
H[v, fs] G Y^2 with 

(6.8) \\H[v,^s]\\y,2 <c(e+\\v\\x,,+\\v\\\^)\\v\\x,, +ce. 
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Moreover there exists ei > and q < 1 such that for all s < ei and all vi,V2 G 

(6.9) \\H[vi,(ps] - H[v2,fs]\\Y,2 < 'J'll^'i - i'2lU,2- 

Proof. This is a direct consequence of the definition of the function spaces Xs2 and 
1^2, the exphcit expression for H[v, ips] and Lemma 16.31 □ 

Lemma 6.6. Let H £ Yt for some < T < 00. Then every solution v of {dt — 
A)v ~ H with w(-,0) = Wo G i°°(M",M') is in Xt and we have the estimate 

(6.10) ||w|U. <c(||wo||L»(E™) + ||i?||y.). 

Proof. Lemma [52] shows that without loss of generality we can assume that wq = 0. 
In order to finish the proof of the Lemma we argue as in [12] . From the translation 
and scaling invariance of the estimate (|6.10p it follows that we only have to show 
that (T > 1) 

|i;(0,l)| + |Vi;(0,l)| + ||Vi;|U2(B^(o)x(o,i)) < <^\\H\\yt- 

Without loss of generality we can assume that H has compact support in M" x 
(0,1). The estimate for |u(0,l)| follows directly from the estimate for the heat 
kernel and the estimate for |Vw(0, 1)| can be shown as in [12]. Finally, in order to 
get the estimate for ||Vw||i2(Sj(o)x(o,i))j we multiply the equation by rfv, where 77 
is as in the proof of Lemma 12. 2[ and integrate by parts to get 

dtf v'H'+f \yv\^<cf i\v\' + \v\\H\)<c\\H\\l.^. 

JR" "'Si(O) J B2(0) 

Integrating over t from to 1 yields the desired result. □ 

Proposition 16.41 (and therefore also Theorem I6.1|l is now a consequence of the 
previous two Lemmas and a fixed point (respectively implicit function theorem) 
argument similar to the one used in the proof of Theorem 13.11 

Remark 6.7. The above argument directly extends to the harmonic map flow for 
maps from M" into an arbitrary compact submanifold N of some euclidean space. 
The regularity of the solution will then also depend on the regularity of N (for 
example the solution will be analytic if N is analytic). 

Appendix A. The fundamental solution of the biharmonic heat 

EQUATION 

The fundamental solution b(x, t) of the biharmonic heat equation 

ut + A^u = 
can be expressed through the Fourier integral 

g{x) = (27r)-t j e^'^^-l'^I'dfc 

by defining h{x, t) — t~T g{xt^^). The function g is smooth and radial. 

In the following we want to apply the method of the stationary phase to study 
the behavior of g{x) as \x\ ~* 00. The asymptotics of g are determined by the 
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complex critical points of the complex phase function p{k) — ik — \k\'^ which are 
given by 

\/3 1 , 2 , , 1 2 , , 1 

k± = (±— + -i)2-^\x\^,ko = -i2-3|x|3. 
The values of the function q{k) ~ ikx — fc^ at the critical points k± oi p are 

3 (33^1 

q(k±) — ik±x — kl — ixk± ~ —23 — ± — i ) Ixl ^ . 

' ^ 4 \^16 16 y ' ' 

Moreover the Hessian of the phase function is given by 

%pik) = -4fc2,5y - 6(fc,%). 

To simplify the notation we will restrict ourselves to the case x = (r, 0) . Next we 
calculate the eigenvalues of the Hessian V^p at the critical points k± to be 

^2(l±f.)2-»Hi 

and 

where the second one has multiplicity n — 1. Hence the oscillatory integral g is 
given as the real part of a complex function g which satisfies 

[l^^') ) N^exp(^2^(^A±^,^|^||^g^^t+0(|^|-i). 

This is an asymptotic relation which remains true after differentiating both sides. 

A rigorous proof of this asymptotic formula can be given as follows. We recall 
that X = (r, 0) with r >> 1 and we shift the domain of integration to R"+i2" 3 r 3 ei. 
We obtain 

g{x) =(27r)-t exp (^^2^ ^\x\i^ £^ [exp {t{x^ - 2-^\^\^^ir + 8-'^ir') 

-(|ep-32-fNif-2-le2'N^)]rfe 

The asymptotic relation (jA.ip is now obtained by a standard evaluation of the 
oscillatory integral as in Theorem 7.7.5 of [TO] . 
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